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EXQmP\c : | ondon undar\jrouno‘
G}ufé /@/alion
undireckeo s\tjmme‘:ric
co|ouur union
PoJ:\'\ replexive , l:ro.nsil:iVe closure

5T — seks (u.sua]b Finite in examp\as>
pgﬂ'm’!ion A relabion of \fyloe S~T is a subset

of SxT (U'u. set of pairs (s,t) where seSAEeT).
[xamf/z bakes  of km:e, Student ~ Module .
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Dotnibion TP X is a relakion of k:”)e S~T and
Y is & relation of li\tjPQ T~U, " the cam/oon'é/an

X-Y 15 l’)tL m\o}ion oc blu S~U dnlde_d ’o\j
XY {,S,l:,u : (S,l:> eXalbweY: (su) .
[X“MP/@
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A subset S of o universe Ul can be viewed as a relobion
of t\ﬂ)e L ~U  where 4 is o one-clement seb.
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Com?osi\;'\on op m‘al:ions s associau)r'\ve

(X-Y)-2 = X-(y-2)
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Sek of lochurers Eoken b\uj Ann and Cob .




RaloJ:ions are s&l:S. The wnion op two relakions
15 w\eaniy:jpu‘ i? U\ed have the same lz«jPz.

C @ red U green

ComPosihion o‘isl:ri‘ouJ‘as Hum(@l'\ WUnion .
x‘(YUZ> = XY uXLZ
(XuY)-Z = XZuYz

The :z,mPl:J relobion is the zero of camPos'xkion,
FX = B = X&

The idmkil:\tj relabion (of appropriate bype) is iks wni b
Td,- X = X = X-Td, (X: §~T)

-J:olS = {a: xeS: (0,2}




B/hag :?e/afian.s
A 5/}7427 relakion is o relabion of %pz S~S FPor some S.

£ Xamf/e Predecessor relabion
i L m Pfeolecessor n = m=n-1|
1)_ (no‘:¢ convenkion when o\isplo«din\ﬂ JmPL> ,
L1
A X*
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X* = <U\< o<k: Xk>
X* is the rz/)/zx/'m/ bransibie closure of X.

£ xamf/e

il
’ abmost = Predacessor*

Td ialml:il:n relabion of same E’P‘ as X — {x:: (=0}

X* = TduX-X* = Td ux*X

Id € X* ( mplex'wz)
X*.x* < Xx* ( l:mnsi\:ive.)
VYZ:. YuzX €Z 2 YxX*c Z)
(closure)
Gm?k Searcll\irﬁ: 3ivan o st S and o relabion R,

dekermine (5| - R*

( nodes reachable from nodes in S ‘l:zj Pa.Un.s such thab
edges salsis% R) .




\' pini\'t. set o(‘\ nodes

G directed h/binary relation on V .
) subseb Jg r:/? (5/495 noo\w)

Ba.sic ajﬂori"l\m:

[ n: 1~V

> n = <§| |
{Invo.riam\:: (S|-G*¥ = n.G*
Bowd b IV] - lnl ]
do n#2nunG — n:= nun@
od
{ n= <51-G* )

]l

Basic, ajﬁori\:\qm:

l[ n 1~V ) k: N ) Y. a.u;c\"iar\\j variable */
D> n .= <S| 5 k = O}
{Invwim\'. : n = (9 Gsk

Bownd b= VI = Inl }
do n#nun@G — k)n:= k+\}nun-G
od

{ n = 5| G¥ }
]

G~ = (UJ= SNALE &) .
Uses G* = GSM For finite Vand G: VoV




b "black” nodes

g gy’ redes
[ b,9: 4~V
l>3:=<5|3 b::ﬁj
[(Invariomk: <5‘ ) G* = b v 3&’“
Bowd f.: V] - Ib] }

:; S;EQS — ’0,3 = bU3) S.Gnﬂ(ij>

{ b = <5]-G* ]
)

Av«:io\in 3 rzcometal:ion

Ele,mml:wiae, imP\zmmEa):icm :

sz ‘= QS ;
{Invwia,n\:: <5\'G* = <H U <j"c‘*
Bound M. : l\/, - Ibu&‘ }
do (DU’: U‘ej
: b,j = bU{U}, (3—{\’}) v (<"'|'G N "(ijW

)
od
(3=¢/\ ¢s]-G* = <b] }




Breao‘\'}\—piﬁt search - imP\o_me,nJ: j as O Tu_um

’Dp,r)\:kpnr.sl: search - imP\amzn\? \3 as o shack

TOPO‘Ojiw\ Search

Ivi

Assumes G s ac\‘jclic. quuivalwun G =0.
Consbrucks o bokal orole,rinj of the nodes of G.

Poskcono\il:ion :
(Vuv: ul 61 2 Pu< o)

(G+ is the transitive cosure of G.
G = (Uk: 1<k Gk> . )




nodes GIb amPk G rshickd bo nodes in b
nod

b b
d i ul*Gtb-le) = uebaveb a ul-G-Ib)

Ml
llmn

{' G!v\ - ¢ }
for veV do inv = J{w] (w,u’) € G}‘ rof ; /e tin da\cjru" x/
b = @ ; g := {vlinv=0) ; k:=0;

{ Tavariank - (Vuyu: uebavebd
N l-(GIB)*Y vy = fu<ls <k

do §

(Dv: veg A inv = 0
b,g i< buls}, g-fv} by ko k,k+1
Por we <U'lG‘ do S,in.\v = Sufw}' inw-1

of
)
od
( <Vu,u’:: ul-G vy 2 Pu< o) }

Additione invarianks:
(Vu: =(ve ’DU3§ . 0< inv)

375(5 = <3U"~ Veyg: O=in.U>
(assumes ac\«jclicil:\«j of G)_




Shorbest Fakhs

FOCIAS on

o uno\z,rstav\o"m\cj the Pu.no':\'on oP each of the
Pijmm vowiables {)3 wndar.skanolinj Ehe inmriomhs

0 the aJJdom of oPemJ:ions on Jm’)ks .

— onje lobels
are S MéOZY .
¥ $ J

d maps eo\ae, lobels to distances .
Extend d to Paﬂ\sz

G,V\d l:O SQ.l;S OP PO.H!\Sf




D distonce 3ra\3k/ma£rix
W D Jvy = iF u)eG — d. ()
SCOTTR
<U\‘ 1 x lV\ ro Ll/VV\DleiX with one edae
j(l:or)u) o(} diskance O J
|U> |V\X1 SmPL\/malw'tX .
Dz//‘n/%/bﬂj
D VE s S\V&V\ bj
wl- DIE - w0 = <l Dwy & wl-E v
D-E s Sivz,\n ’Dj
wl - DE-Jw = Qws ulDIwp+<wl-E )
(where d+oo = 00 )
D* = <\1H< Osk - Dk>

Shorbest distnce From
| o)

(ul - D*

u to v




Observe:  Por labelled graphs G,H -

d(GuH) = dGVdH
d.(G-H) = d.G-dH
d.(G¥) = (dG)*

A\so, for distance 3m\>hs DEF
\l« is associo}ivz, s\(jmmd:ric and iohmpob-n[:

15 OsSSOC! al',ivz

D-(ELF) = (DE)L (DF)

(Di\jkskro\'sv Wave Alﬁor'\\:\f\w\

b’j = B,{5}; For ueVdo du:=w rof ; d.S :=

{Ir\vwiant: (Vu: ueb: ¢(S]-D* |u) - d.u)
A Vu:ugb: S| DJu) = (Yv:veg: dus (ol D) )

do (DU’: u'ej A d.u’= alu: uejt du)
‘b = bU{U’} 3 {U} y
For cach zdae. (sw) From v do

olw== dwi(olu'+<\r|D\w))
o9 = gu (lw) - (bug))
oo‘ > ro
f3:¢/\ (s]-D* - é }




Im‘a\e,mw\:a\:ion Prok‘ems

|, —J—_ni\:ia\isa’:iont
for ueV do du:=eo rof ;
2. Choice of v

veg oA dv = u: ueg: d.u)

Slzanolarol Solubion : use "Priori%j 1mu¢ Pora.

Oé;m/e :
2ach p,obg, is visited”  2xactly onwe

For 2dage (u;w from v do
wdc:l.wan d.)w (dv+ (o] DW) ;
3 i= 3 v (f,w} - (b\)a))

rof

.ZZ/M. :
com]owb, e‘dje distances
choose closest 9y eédfe.




Il b: set of node j /6 "tack” nedes #/
9: seb of edge ; /s “8"'3- adges «/
d: node o distance - /o undifined Por “whitke" nodes x/
ed: edae = distance © /¢ undefined for “whike" w'dns x/
> b :s {S}’ 3'.- {z|eezdan.APmm.¢=S }
for 2 ¢ 3 do gde := (Prom.e |Dibo.ey rof
{ Tnvasiont - (Vu: ueb: (S1-D*.|u) = du)
A {Vu: u¢b: ¢s|-D*wy = (Le: Leq: ade (boel- D* - lu))

A (Ve Leg: ed.e = (Sl-D‘-Hmm.c) + (Frome DA ‘:o.c))

~

~

}
do F¢b’\3¢¢_> |F(0¢ 263 A ede = (‘2_’: 0,'6_3: ede’)
v = ':O.Q.'l 9:= 3"[‘-};
it veb > o
D véb— b:=bufv]; dv:=ede,
for sach & sb. Proms’ = v
do 2ds’ :c dv + (viDiboe)
B rof
J Y& '
o
{(Feb Ao dF = (SID*IF)) v (F¢b ~ dF =)}
bl

b = {S); 9:= {zlzewb:./\f’mm.o.=5 }

for 2 ej do g2de := (from.e |Dibo.e) rof




Assu,m?l'ion'. ,eolja distances are nabural numbers less Ehan  MAX
b := {5}} 3'.= {LIQ&I-J&LAPmm.o.:S }

for 2 ej do p2de := (from.e |Dibo.e) rof
dist := O;
{Invariank:  (Yu: web: du £ dist)

»r {Ve: ecy: dist < ede < disk + MAX) }
do Felb A a¢¢—>
if {(De: eeg A disk = ede

Vv ;= b'_’ 3:: 3-{1};

t veb —~ skip

B vébo b:=bufv] ; dv:=dik

for each & s.b. Prome’ = v
do ads’ ;e disk + (u|Dito.s?

) [ d
O otherwise — disk := dist + |
R

od

IMP‘&MM‘:ﬂ-LM OP 3

gs : array [0..MAX> of Stack of ab"—

Invariaml? .
q - (Ui Ogicmax: Sy (gslil) )

A <Vi,e.: e.ejs[i]: 2de = dist + (i—olis":) mood MAX)

)

Zej A disk = ede: o := FOP'(ﬁs[diSl; mod MAX]>

ede’ = dish + (Prom.e/|Dibo.e’))
Pu.s‘w.(js [(@ist + (From.o’| D-\bo.e’)) mod MAX] e’)




A* A\Sor}u\w\

Given strt, S, and Finish, F Find

S)-D*
Assumes an  "oadmissible heurishic. H
4 < DA

(i.z. <Vu,u':; Hu ¢ <u\~D-\v>+H.v> )

For e,xoLmP'z , crow—pb distance  to pinisl'\.
Tb's usual to cequire thab WF =0 bub, for

corrzcl:ness, Lhis s unneczssarj.

b "blak’ nodes

9 gy’ redes
b}j = g,{S.}) POY' ueV dO d.u:.--oo f'Op ) d,S t= O).
{Invwiav\.h: (Vu: ueb: ¢8]-D*.lu) = du)

a {Vu: ugb: 1D Jwy = (Bviveg: dus (o D* ) )

do
F¢b"’ lp {Dv: veg A du+Hv = Qu: ueg: du+ Hu
: b = buld; g 3-{«:} ;

For each zdoc (U;W) from v do
dw = dw { (dv + {¢]- D|W) ;
3 1= 3 v ({.W) - (bua))

rof

o)
N i
{ <sI-D* 1 = dF }




Ino»o{missiuﬂ— H&u.ri.s\:ic.

) hwr'\sl;ic," disl:ance

V®ﬁ actual disbance

Verificakion. 1. b,3 iz bu{u},g—{u}

dv = (S]-D*|w)
{Invaria,v\l’,, vdb }
= (Iw: weq: dw + {w|-D*-|v))
{ arithmekic, addibion disbribubes over ¢ }
dv + Hu = (sﬂ,w: wejz dw + <W|'D*~‘U'>+ H.u)
{ veq, range sPhH:mj }
dv + Hu ({gw: weq A wtv: dw + {w|-D¥*-ud+ Hy)
¢ f_ H is odmisible. ‘f}.e.. H<DH .
Henee H<DYH.
[wir = <w|-D W) = KWl D ] ]
dv+Hy € Yw: weq Awtyr: dw+ Hw)
‘[_ range s \il’)cinj , VEg }
dv+Hy = &w: Wegq: dw+ Hw)

d.v




Emrcise: W\OdiFj A¥ aJ\c)orinv\ in Some wa
that “the wove alooribhm was modified

—  osswme some hewristic H bub choose

adjas rabher bhan nodes |

Con bhe same imP'o,me,v\l:aEion bchniclue_
be used Pov bthe 3:@5 0,0\325?
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